Abstract: Engineering thermoelectric (TE) materials for applications in power generation and cooling requires an understanding of how anisotropy influences the TE properties. In this paper we use an angular-dependent, multivalley formalism to model the band structure and to explore the effect of anisotropy on the Seebeck and conductivity tensors. Specifically we explore the effect of degeneracy and relative orientation of the effective mass ellipsoids near critical points on the shape of these tensors. Examples of these types of anisotropic effects are explored within the above formalism and with the full band structures of two materials: half-Heusler ZrNiSn and (Sr,Ba) Nb 2 O 6 with the tetragonal tungsten bronze structure.
Introduction
The discovery of high-performance thermoelectric (TE) materials and the technological transfer to energy recovery systems and solid-state refrigerators is complicated by several requirements that must be simultaneously satisfied by both the p-type and n-type legs of the thermocouples. First of all, the p-type and n-type materials must exhibit compatible thermo-mechanical properties with the metal electrodes and between themselves. Then, the figure of merit (ZT ¼ σS 2 κ T, where κ is the thermal conductivity, S the Seebeck coefficient, and σ the electrical conductivity) of each material component must be maximized at the proper operating temperature, T, in order to reach sufficient efficiency in the conversion process.
The guiding principles to optimize the bulk material properties usually involve lowering the lattice thermal conductivity using dynamic and/or static disorder (mostly cage filling and alloying) and improving the charge transport by tuning the band structure. This last task is rationalized using the isotropic free-electron model (Ashcroft and Mermin 1976; Grosso and Pastori Parravicini 2000; Singleton 2001 ) usually in a singleband (valley) configuration. Within these assumptions (σ , The key concept, used in applying the free-electron model, is the effective mass approximation. The effective mass represents the band structure in proximity to a local extremum in the Brillouin zone (BZ) and corresponds to the quadratic term of the Taylor expansion of the energy dispersion for a band n, E n k ð Þ, near such a local extremum, k 0 . By its very nature the inverse effective mass, M À1 , is a second-rank tensor defined from the second partial derivatives computed in k 0 :
Its tensorial character, however, is often neglected although it leads to interesting concepts to understand and optimize bulk TE materials.
In this manuscript, we will discuss the main consequences associated with the tensorial nature of the effective mass (in Section "Electronic Transport Tensors") as well as the interplay between the multivalley nature of the band structure and the TE transport tensors (in Section "Effect of Multivalley Band Structure"). We focus on the consequences associated with the features of the band structure without discussing the well-established role of crystal symmetry on the tensors. The intuition provided by analytical models is compared with selected first principle calculations in Section "Considerations on Realistic Band Structures".
Electronic Transport Tensors
In the Boltzmann transport theory within the scattering relaxation-time approximation, the electronic transport coefficients 1 can be written as
; ½2c
where T is the temperature and e is the absolute value of the electron charge. Those tensors in turn contribute to TE figures of merit, the most common of which is ZT, tensorially expressed as
Following Mecholsky et al. (2014) we adopt an angular effective mass approach and write the transport tensors above in terms of
for a conduction-like band and
for a valence-like band (f 0 being the Fermi-Dirac distribution function). In eqs [3] and [4] we have introduced, for each band n, a constant tensor with matrix elements
n;i ðθ; fÞ τ n ½ j;qv n;q ðθ; fÞ 2jf n ðθ; fÞj 5=2 sin θ dθ df;
½5
which will prove to be essential for the development of our analysis. Its definition in eq.
[5] involves a particularly weighted average over the angular effective mass function f n ðθ; fÞ defined for a band n in the proximity of a band extremum as
2m e f n ðθ; fÞ: ½6
The weighted average in eq.
[5] over that angular function captures the essential effects of the electronic structure, including band warping, on all related transport coefficients. C n must be a symmetric tensor (Mecholsky et al. 2014) . We thus have six independent integrals for each band contributing to the electronic transport. A band will contribute to transport if the band extremum is within a few k B T of the chemical potential.
Assuming, as it is conventional, a constant relaxation time, the Boltzmann transport expression for a simple two-band model can be written as where we define "universal" functions K α as
and c is C of eq.
[5] with the explicit relaxation-time dependence factored out. The integrals in K α may also be expressed in terms of standard Fermi-Dirac integrals.
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The generalization to a multiband cases is
ðχ n Þ α τ n K α ðχ n βðE n À μÞ; βÞ c n i;j : ½9
Within this approach we model the band structure as a set of N b conduction-(valence-) like ellipsoidal bands with minima (maxima) at energy E n . The positive or negative curvature is determined by χ n ¼ AE1. Within the general theory above, in the case of an ellipsoidal band, the c tensor calculation gives
where m 1;2;3 denote the effective masses in the x; y; z principal directions, δ i;j is the Kronecker symbol and no summation convention is implied over the repeated i index. We may use this as a starting point in our discussion of anisotropy. Plugging a single ellipsoidal c into eq. [9], we can derive expressions for the transport equations using eq. [2] . It is instructive to compare the asymptotic expansions for the eigenvalues of the conductivity and the thermopower tensors when, on the scale of k B T, the chemical potential μ lies sufficiently outside either conduction and valence bands (insulator limit) or when the chemical potential lies within a given band (metallic limit). In the insulator limit
Àχ n βðE n ÀμÞ δ i;j ; ½11a
The corresponding asymptotic expansions in the metallic limit are
Here, E n represents either a band-edge minimum or maximum, and χ n is either þ1 for a conduction-like band, or -1 for a valence-like band. In order to point to the specific dependence on the effective masses and the carrier density, ρ, we may derive the basic grand-canonical equation of state and invert it to express the chemical potential, μ, in terms of the carrier density, ρ, in both the insulator and metallic limits. For example, for a single conduction-like band,
One can thus obtain the corresponding asymptotic expressions for the components of σ and S in terms of ρ, namely
βðE 0 À μÞ ( À1 ðmetalÞ ½14d that, in the isotropic limit, match the more common equations mentioned in the introduction. In particular, in the metallic limit, the relation between the Seebeck coefficient and the electrical conductivity reduces to the expression derived from the Cutler-Mott formula for isotropic bands (Cutler and Mott 1969; Parker, Chen, and Singh 2013; Chen, Parker, and Singh 2013; Filippetti et al. 2012; Snyder and Toberer 2008) , namely
Further, we can compute the powerfactor (S T Á σ Á S) in these limits as well:
With more than one valley or band, we must use eq.
[9] along with eq.
[2] to fully capture the behavior of the TE quantities away from the band edges. We may use these expressions (eqs [2] and [9]) to clearly disentangle the contribution to transport due to degenerate bands and anisotropic effective mass tensors. Preliminary considerations can be done here to elucidate the implications of the anisotropic band structure on the tensorial nature of the transport coefficients. Indeed, it has been extensively argued that valleys with strongly anisotropic effective masses improve TE performance (Bilc et al. 2005; Chung et al. 2003; Bilc et al. 2003) .
If only a single electronic band is providing carriers, the conductivity is maximized in the direction of principal axis corresponding to the lighter effective mass. The Seebeck coefficient, on the other hand, is a tensor proportional to the identity that is fully specified by the determinant of the effective mass tensor. In fact, by comparing eqs [2] Seebeck coefficient proportional to the identity matrix as in the case of single band. Since the Seebeck coefficient is proportional to the identity, all eigenvalues are identical. As soon as the degeneracy between E A and E B is lifted, however, the eigenvalues of the Seebeck spread. Regardless of the relative orientation of the principle axes of each band, the S tensor has real eigenvalues. If the principle axes happen to be aligned, then both c A and c B may be simultaneously diagonalized and the eigenvalues will be real since both c A and c B are symmetric. Even though S is diagonal, the eigenvalues will in general be different in each direction according to the anisotropy of each band. Figure 1 illustrates the effect of lifting the degeneracy between two conduction bands with arbitrarily chosen effective mass tensors. In the case of degenerate respectively. Both bands have the same set of principal axes. The minimum of the lower conduction band is set at 0 eV and the other conduction-band minimum is set at a variety of energy ranging from 0 to þ 0.5 eV. The color of the curve (identified by the legend) reflects the band spacing (relative energy shift) and the vertical line indicates the beginning of the upper conduction band relative to the lower minimum of the conduction band at 0 eV. Calculations were performed at a fixed temperature T ¼ 500 K. The standard deviation of the eigenvalues indicates the deviation from an isotropic case (even for highly anisotropic bands) in which the Seebeck coefficients are proportional to the identity matrix as shown for zero shift.
bands (E c2 À E c1 ¼ 0, purple curve), the eigenvalues of the Seebeck tensor, S, are identical (with zero standard deviation), however, as a small shift (E c2 À E c1 Þ0) is imposed between the two conduction-band minima, the standard deviation of the eigenvalues changes unexpectedly. The effect is quantitatively very small with our chosen model parameters which indicates that for some effective masses (even highly anisotropic) there may be a difficulty of detecting the splitting of the eigenvalues experimentally. Similar analysis for the electrical conductivity, σ, reveals the standard deviation of the eigenvalues decreases by increasing the shift between the minima of the conduction bands: this is a consequence of the changes in the number of active carriers. The consequences of crystal symmetry superimpose on the above considerations leading, in a tetragonal material, to a diagonal Seebeck tensor with two identical eigenvalues. at T ¼ 500 K where the valence-band extremum is at -0.5 eV and the conduction-band extremum is at þ 0.5 eV. In the left panels, (a)-(c), the principal axes of both the valence and the conduction bands are chosen to be the coordinate axes. This means that each term in eq. [9] is simultaneously diagonalizable and thus S will be diagonal but might have some spread in the eigenvalues. In this case (a special case of (1)), the spread is relatively small. This is evident in panel (c) where all eigenvalues seem equal for any chemical potential μ. Since σ is proportional to l ð0Þ , we see that σ is diagonal, but not isotropic since the effective masses differ. Compare this with right panels, (d)-(f). In this case, the principal axes are not equivalent and the conduction band is rotated with respect to the valence band. This means that the terms in eq.
[9] are not simultaneously diagonalizable. Thus each l ðαÞ is a different linear combination of the same symmetric matrices. This means that each l ðαÞ is symmetric, but their products (see, for instance, S from eq. [14] (b)) are only symmetric if the matrices commute. In this case, they do not and the result is that the Seebeck tensor becomes a non-trivial, non-symmetric tensor and the eigenvalues split due mainly to the rotation of the principal axes (see panel (f)). We still see that the conductivity appears unaffected. In a case where the Seebeck tensor is non-symmetric, we are guaranteed by its form (a product of different linear combinations of a set of non-commuting symmetric matrices) to have real eigenvalues but non-orthogonal eigenvectors. These eigenvectors are independent of chemical potential, but depend on the effective masses and orientations of the bands. In contrast to this, since the conductivity is always symmetric and the asymptotic forms are correct inside the valence band and inside the conduction band, the conductivity tensor's principal axes need to transition (as a function of chemical potential) from the principal axes of the valence band to the principal axes of the conduction band. At each chemical potential, the axes need to stay orthogonal to ensure a symmetric conductivity.
To investigate the effect induced by the rotation of the effective mass tensors we discuss a model similar to the one shown in Figure 1 but with the effective mass tensor's principal axes rotated a fixed angle with respect to each other. The rotation greatly magnifies the effect of the relative shift of the conduction-band minima (compare the vertical scales of Figure 3 with Figure 1 ) on the standard deviation of the eigenvalues of S. Here we see a jump in the standard deviation from about 2 μV=K to about 50 μV=K. This effect could be used both for optimization purposes and to detect effective mass tensor rotations from transport data. When crystal symmetry is taken into consideration the C tensors (eq.
[10]) of all the equivalent (degenerate) valleys sum to an effective tensor with the symmetry of the crystal.
Considerations on Realistic Band Structures
We present here two examples of band structures and analyze them from the point of view of the anisotropy of the conductivity and the Seebeck coefficient tensors. We focus on materials that may be interesting for TE application: half-Heusler ZrNiSn and (Sr,Ba)Nb 2 O 6 with the tetragonal tungsten bronze structure. Our electronic structure calculations were performed with the Quantum Espresso (QE) package (Giannozzi et al. 2009 ) using ultrasoft PBE pseudopotentials, a well-converged basis set and appropriate BZ sampling. The transport coefficients were computed within the constant scattering-time approximation as implemented in BolzTrap (Madsen and Singh 2006) .
Half-Heusler alloys have a chemical formula of XYZ, where X and Y are transition or rare-earth metals and Z is an sp element crystallized in a cubic structure (space group no. 216). These alloys exhibit a lower TE powerfactor as compared with other materials but they are very stable with respect to alloying and doping and greatly optimizable. Half-Heusler alloys such as XNiSn (X ¼ Ti, Zr, Hf) are semiconductors with narrow band gaps in the range 0.1-0.2 eV and heavy carrier mass (Uher et al. 1999) . They have relatively high lattice thermal conductivity that can be suppressed by the substitution with isoelectronic elements at the X-site due to phonon scattering (Zou et al. 2013; Wee et al. 2012) . While doping at the Zr site reduces the lattice thermal conductivity, doping on the Sn site tunes carrier concentration (Yu et al. 2009; Kim, Kimura, and Mishima 2007; Kawaharada et al. 2004) . The band structure of ZrNiSn is presented in Figure 4 . The valence band is characterized by two degenerate Γ valley (note that degeneracy may lead to warping effects not discussed in this paper, see Mecholsky et al. (2014) . Away from Γ the band decreases in energy and flattens leading to a larger average effective mass. This leads to a relatively larger thermopower in case of p-type doping. The conduction band is characterized by a single band. The electrical conductivity and the thermopower are proportional to the identity matrix even at high temperature (700 K) and for substantially different doping indicating, as expected, that cubic crystal symmetry determines the anisotropy regardless of band degeneracies ( Figure 5 ). Sr 0:6 Ba 0:4 Nb 2 O 6 (SBN6) is an oxide recently studied for its TE potentials (Lee et al. 2011) . The interesting material belongs structurally to the tetragonal tungstenbronze family and is strongly anisotropic because the c-axis is 3-4 times smaller than the lattice parameter a (space group no. 100). The band structure near the band gap is shown in Figure 6 and involves a mostly p-character manifold at the top of the valence band and a conduction band with relative large d-states contribution from the Nb. The large structural anisotropy is reflected in the Γ-Z direction. The conductivity is much larger along the c-axis due to the large Γ-Z dispersion for both electrons and holes. Even though the band structure plot is an imperfect representation of anisotropy, the anisotropy is evident and confirmed from the diagonal elements of the conductivity tensor. For p-type doping there are several bands active in transport at 700 K ( , 60 meV) and the thermopower tensor exhibits different values for the diagonal terms (that are enormous because of the large effective masses). In the case of ntype doping the effect is less pronounced.
Conclusions
The general tensorial transport theory developed by Mecholsky et al. (2014) is applied to understand the band structure conditions leading to thermopower tensors that are not proportional to the identity matrix. Although the electrical conductivity is always a symmetric tensor and inherits the anisotropy from the symmetry of the band structure, the Seebeck coefficient is anisotropic (and in fact non-symmetric) only when several bands are contributing to the transport and their effective mass ellipsoids cannot be diagonalized simultaneously. The observation of the spread of the eigenvalues of the Seebeck tensor provides a method to derive information on the relative orientation of the principal axis of the ellipsoids representing the effective masses. The results are in agreement with band structure calculations. Minor deviation from ideal crystal symmetry are due to numerical errors.
